Using a result of Hayman, we show that the Nevanlinna class of holomorphic functions on the unit disc is not invariant under the action of the Cesáro operator and more generally under the action of Volterra operators, T g , provided that 1 g ′ belongs to the Nevanlinna class.
as it is written in [1] , where log + is defined as
It is known from a theorem of F. and R. Nevanlinna (see [1] ) that f ∈ N if, and only if, f (z) = a(z) b(z) for a, b holomorphic and bounded in the open unit disc D(0, 1), and b(z) = 0 for every z ∈ D(0, 1). Using this theorem, one can easily show that N is an algebra over the field C.
Let C denote the Cesáro operator. When C acts on a function that is holomorphic on the open unit disc, it has an analytic form, i.e. if f (z) = ∞ n=0 a n z n , then
a k z n and an integral representation (as in [3] ):
The Cesáro operator belongs in the family of Volterra operators T g , where
In [2] , Hayman showed the existence of a function h ∈ N for which
is the primitive of h, vanishing at the origin. Using this result and the properties of the Nevanlinna class, we are going to show the following:
Proposition There exists a g ∈ N such that C(g) ∈ N .
Proof. Let h ∈ N be the function in [2] such that
does not belong in N . We proceed by showing the argument by contradiction and, thus, we suppose that for every g ∈ N we have C(g) ∈ N . If we define w by w(z) = z, then w is bounded and holomorphic in D(0, 1), hence we have that w ∈ N . We also have that k(z) = 1 − z belongs to the Nevanlinna class, since 1 − z is bounded and holomorphic. Now, from the fact that N is an algebra and by the hypothesis,
It follows that w(z) · C(h · k)(z) ∈ N , from which we derive
which is a contradiction.
We will now give a sufficient condition on the symbol g for the existence of such a function f in the Nevanlinna class, so that T g (f ) ∈ N .
∈ N and, thus
Since w(z) = z ∈ N , if we assume
which yields
that is a contradiction. Hence, T g (f ) ∈ N .
In particular, the above Theorem implies that if g ′ is holomorphic on the open unit disc D(0, 1) and satisfies Reg ′ (z) > 0 for all z ∈ D(0, 1), then the Nevanlinna class is not invariant under the action of T g . This holds because the assumption Reg ′ (z) > 0 yields 1 g ′ ∈ N ( [1] ).
